7.4 partial fractions

1+ 6z __A _B
(42 —3)(2z+5) 4z—3
10 10 A
@}532—2:53_:32(5—23:)_5

1. (a)

2. (a) T . T A n B
) 22+z—-2 (z+2)(z—1) z+2 =z-1

z? _($2+$+2}—(a:+2)_1_ x4+ 2
22 +x 42 22 Lx L2 - 2 +x+2

(®)

Notice that 22 + z + 2 can’t be factored because its discriminant is b — dae = —T < 0.

zt+1 zt+1 A B C Dz+E
3 = -
(a}m5+4a:3 x¥ (22 + 4) m+m2+m3+ x? 4+ 4

1 1 1 A B

C D

®) @ -9 [(2+3)@=—-9F (@+3°@—3° z+3 (z+3)

-2 + 2?2+ 22 -1 22?22+ 1)4+2zx-—1 2z — 1

4 (@) 2 _T@ i)t _ 2y oL
2 —2z+1 2 —2x4+1 (x—1)

A B

m—l—l_(..'*:—l}2

z? —1 z? —1 A Bz+C
a

®) 23 talta z(z2+z+1) 2?2 fa+1

64
=zt + 422+ 16+ ———M— long divisi
1= + 4x” + +(;c-|—2)(a:—2} [by long o]

6
z
5. (a) 5

B

A

z* _ Az+B Gm+D+ Ex+F
(2?2 —z+1)(x? + 2)2 T x—z+1 2+ 2 (z? + 2)?

(b)

6.
1 ()1 i —t%+1
@) 6 413 6 +t3 _1+t5‘(t3+1)_1+t3(t+1)(t2—t+1)

541 511 A B Cx+ D
7+ _ ¥+ _ a4, +n:

- -
&€

[or use long division)

LA
t+++

Ex+ F

(b)

(@ —z)(z* +222+1) zz—1)(z2+1)2? =z z-1 22+1

4
T.f e ld:c:f(:c +z +m+1+L)d:c [by division] =l$4+%m3+%m2+m+ln|$—l|+0
:I:_

1

3t — 2 5
8. dt= [ (83— ——)dt=3t—5mlt+1+C
ft+1 f( t+1) nlt+1]+

4

1

2+ 1)

D

FErx+ F

t+1

_|_

2 —t+1
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7.4 partial fractions

9.

5z + 1 A B _ _
(2$+3;;Ea‘:—1) = S -I-m_l.Mlﬂtlplyboihﬂdesby(2m+l)(m—1}togct5m—|—1 =Az—1)+BR2z+1) =

5e¢+1=Az—A+2Bz+B = 5z+1=(A+2B)x+(—A+ B).

The coethcients of 2z must be equal and the constant terms are also equal, so A + 2B = 5 and
— A+ B = 1. Adding these equations givesus 3B =6 < B = 2, and hence, A = 1. Thus,

f#dx:f(m—il+ mfl) dz= 1|2z +1|+2Injz — 1| +C.

Another method: Substituting 1 for z in the equation5z +1 = A(z — 1) + B(2z + 1) gtves6 =3B <= B =2
Substituting —3 for z gives —£ = —34 < A=1.

10.

Y A 3 B
(y+4)(2y—1) y+4 2y—-1

y=2Ay— A+By+4B = y=(2A+ B)y+ (—A+ 4B). The coefficients of y must be equal and the constant terms

Multiply both sides by (y +4)(2y — 1) togety = A2y — 1)+ B(y +4) =

are also equal, so 24 + B = 1 and —A + 4B = 0. Adding 2 times the second equation and the first equation gives us

9B=1 = B:%andhence,A:%.Thus,

— [ —= 9 _4 11 B
/(y+4}(29—1) ./(y+4+2y—1)dy snly+4+5 52y —1[+C

=Zimjy+4/+Ltn2y—1+C

[ ]

Another method: Substituting 1 for y in the equationy = A(2y — 1) + B(y +4) gives ; = 3B < B =

=1

Substituting —4 for y gives —4 = —94 < A=3.

1.
2 2 A B

%22 132+1 (ztl)@+l) 2241 z+1
2= A(xz+ 1)+ B(2x + 1). The coeficients of 2 must be equal and the constant terms are also equal, so A + 2B = 0 and

Multiply both sides by (2z + 1)(z + 1) to get

A + B = 2. Subtracting the second equation from the first gives B = —2, and hence, A = 4. Thus,

1 2 dx = ' i 2 dx = 4ln|2m—i—1|—21151|..'*:—|—1|1—(2]113—21n2)—[]—21n3
o 222 +3x+1 Jy, \2z+1 =z+1 ] u_ o 2’

Another method: Substituting —1 for x in the equation2 = A(z + 1) + B(2x + 1) gives2 = -B < B =-2.

Substituting —% for = gives 2 = %A = A=4
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7.4 partial fractions

x—4 A B
12, 562—5m+6::v—2+ﬂ: Mulnplybothmdesby (z—2)(z—3)togetz —4=A(z—3)+Blz—-2) =

x—4=Ax—3A+Bx—-2B = xz—-4=(A+B)xz+(—-3A—-2B).
The coefhicients of x must be equal and the constant terms are also equal, so A + B = 1 and —34 — 2B = —4.

Adding twice the first equation to the second givesus —A = —2 <= A = 2, and hence, B = —1.Thus,

1 1
z—4 2 1 )
——dx = — dr = [21 —2|—In|lz—3
| it [ (35 -755) de=l2mle -2 - a3}

=(0—In2)— (2In2—In3) = —-3In2+In3 [or In ]

Another method: Substituting 3 for x in the equation z — 4 = A(x — 3) + B(xz — 2) gives —1 = B. Substituting 2 for z

gives —2=—-4 <= A=2.

13.fmza_mbmdm:fﬁdﬂ::‘/ma_bdm:alnm—bl—i—c

14. Ifa #b, ! = ! ( L1 ),soifu#b,ﬂlcn

(z+a)(x+b) b—al\zt+a z+0
dx 1 1 z+a
= In —1 b C= c
[(m—l—a](m—l—b) b—a.( [#+a| —Inj+5) + b_a x+0b +
Ifa = b, then i=— ! +C
(z+a)? r4a
z’ — 2z — 4 —4 : —4 A B C .y : :
15, —/—48M— =1 + ———. Write —— = — + — + ——. Multipl both sides by z*(x — 2) giv
¥ — 2x? +m2(m—2} " 2}z —2) = +m2 +3:—2 iplying both sides by z*(z — 2) gives

—4 = Az(z — 2) + B(x — 2) + Cz?. Substituting 0 for z gives —4 = —2B < B = 2. Substituting 2 for z gives

—4=4C < C = —1. Equating coefficients of z°, we get 0 = A + C, so A = 1. Thus,

4 4
a‘: —2:c —4 1 2

— [(4+1n4—%—1n2)—(3+1n3—%—0)] :E—I—ln%
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7.4 partial fractions

16.

3

z" —4x — 10 Jz—4 . 3z —4 A B

_— 14+ ———— Writ = . Th
2?2 —x—6 T +(m—3}(a:—|—2) 11e(m—3](m+2] m—3+:t!—|—2 =

3z —4=A(z+2)+B(x—3). Takingz =3andz = -2, weget5 =54 < A=1land-10=-5B & B=2,

1.3 '
o [“’71“ _f (m—l—l—I——l b2 )da::[%m2+m+lnlm—3l+21ﬂ(m+23
0

2 —x—6 -3 x+2
= (%—|—1+1n2+21n3) —(0—|—0+1n3+21n2):%+1n3—ln2:g+lng

1]

17.

4 —Ty—12 A B C 5 :
_— = —t+—— +—— = 4y" —Ty—-12=A(y+2)(y —3)+ Byly — 3) + Cy(y + 2). Settin
vy+2)vy-3) v wy+2 y-3 v Ty (y+2)(y—3) + By(y —3) + Cu(y + 2) g

y=0gives —12 = —64,s50 A = 2. Seﬂhgy:—ZQveslS:lﬂB,soB:%. Setting y = 3 gives 3 = 15C, s0 C' = %

Now

2 2 2
dy” — Ty — 12 /( 9/5 1[5) 9 1 2
=Y Y gy= S22 4 P Vay=[2Infy|+2Injy+2|+ iinjy—3
]:y(y+2](y—3} 1 \y v+2 y-3 [2Injy] + 3 In| |+ ln] I

=2In2+ 24+ 2Ilnl—2Inl—2In3— tIn2
=2In2+X¥m2-In2-2m3=Zmn2-2n3=2(3n2-mn3)=2mn$

g +2x—-1 2 +2z—1 _A,_B
@B—z  zz+)(z-1) =z z+1

18. + i . Multiply both sides by z(z + 1)(z — 1) to get

2’ +2z—1=A(z+1)(z—1)+Bz(z—1)+Cz(z +1) =

22+ 2r—1=Ax2 — A+ B2 —Br+Cz22+Cx =

2’42z —1= (A+ B+ C)z* + (—B + C)z — A. Equating constant terms, weget —A = —1 < A=1.
Equating coefficients of % gives 1 = 1+ B+ C < 0= B+ C . Equating coefficients of z gives 2 = —B + C.
Adding these equations gives 2 = 2C' < C = 1, and hence, B = —1. Thus,

2z — 1 ! S
/‘a: + 2 e — f(__ )dmz]nm_1n|$+1|+ln|a‘:—1|+G:ln‘m‘(f+1)‘+a

3 — m+1 —1

Another method: Substituting 0 for z in the equation z° + 2z — 1 = A(z + 1)(z — 1) + Bz(z — 1) + Cz(z + 1)
gives -1 = —A < A=1. Substituting —1 for x gives —2 = 2B <« B = —1. Substituting 1 for x gives
2=2C < C=1.
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7.4 partial fractions

19 2241 B A B
" FT_Nz_2° 7-3 z-2 @=2°

Multiply both sides by (z — 3)(x — 2)? to get

22 +1=A(z—2)* +B(z—3)(z —2) + C(x — 3). Settingz = 2 gives 5= —C < C = —b. Settingz = 3

gives 10 = A. Equating coefficients of z° gives 1 = A + B, so B = —9. Thus,

2
x4+ 1 10 9 5 5
—_—dr = — - de=10In|z —3|—9In|z - 2|4+ —+C
f(m—B)(m—ZP f(m—B r—2 (m—2}2) o nlz—3| nlz I+m—2+

20.

z? —5x+ 16 A B C
I CEP e +——+ 27 = 2 —5z+16=A(z—2)* + B(z — 2)(2z + 1) + C(2z + 1).

Setting & = 2 gives 10 = 5C, so C = 2. Sefting x = —1 gives 22 = 22 A, so A = 3. Equating coefficients of z°, we get

1=A+2B,s0o—2=2Band B= —1. Thus,

2
" —5x+ 16 3 1 2 7 9
f( )2dm:f( — + 2)2)1;133::Eln|2m—|—1|—ln|m—2|—m+c

2z 4+ 1)(x —2 2¢4+1 z—2 (z-—
3 J—
21. x By long division, mzii :m+%.'ﬂms,
x x
$2+4|:r:3 + 022 + 0z + 4
27 + dx
—dx + 4

x° 44 —dx +4 . _ 4z 4
[ it f( 2+4)dw—f(w Tt ) -

1 1
= Ea: —4. 1n|m2—|—4| +4- Etan_l(g) +C = §m2 —21r1(..'*:2 +4) —|—2tan_l(§) +C

1 A B (o] D

_ 12 12 2. 2
pr P il 7 = 1=As(s—1)"+B(s—1)"+Cs"(s— 1)+ Ds".
Sets = 0, giving B = 1. Then set s = 1 to get D = 1. Equate the coefficients of s to get

0=A+C or A=—C,and finallysets =2togetl =244+ 1—44+4 or A = 2. Now

ds 2 1 2 1 1 1
el —— - —_ = ds =21 — =21 -1 - —+C.
_[32(3—1)2 f[3+32 3—1+ (s —1)2 : ns 3 nls—1| s—1 -
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7.4 partial fractions

10 A Bz+cC
3. (m—l)(m2+9)_m—1+ 249

. Multiply both sides by (z — 1) (z® + 9) to get

10 = A(z® 4+ 9) + (Bx + C)(z — 1) (). Substituting 1 for = gives 10 = 104 < A = 1. Substituting 0 for z gives
10=9A—-C = C=9(1)—10= —1. The coefhicients of the x”-terms in (%) must be equal, so0 = A+ B =
B = —1. Thus,

10 1 —x—1 1 x 1
— _dx = + dx = — — dx
f(m—l](m2+9} f(a:—l :1:'3—|—9) /(m—l r2 L9 3:2_|_9)

=Injlz —1| - ;In(z® +9) — 1 tan"'(2) + C

In the second term we used the substitution u = % + 9 and in the last term we used Formula 10.

332—33+6_m2—m—|—6_A Bx+C

A Sr+o : 2 2 _ 2
e e H —+ 213 . Multiply by z(z* + 3) to get 2* —z + 6 = A(2° + 3) + (Bz + C)z.

Substituting 0 for x gives 6 = 34 < A = 2. The coefficients of the z?-terms must beequal, so 1 = A+ B =
B =1 —2 = —1. The coefficients of the z-terms must be equal, so —1 = C. Thus,

2

" —x+6 2 —xz-1 2 T 1

T dx= = dz = - — — dz
f z¥ + 3z “ f(m+m2—|—3) f(m z2 L3 m2—|—3)

=2In|z| — %ln(m2 —|—3) — itan_1 = +

V3 V3

Az iz Az = A L BZHC \fultiply both sides by

B A iPterl P2ttt ]) @iD@+D) sl 241

(x+1)(z* + 1) togetdz = A(z* + 1)+ (Bz+C)(z+1) & 4dz=A2>+A+Bz?+Bzx+Cz+C =

4z = (A+ B)z’ + (B+ C)z + (A + C'). Comparing coeflicients give us the following system of equations:
A+B=0 (1) B+C=4 (2 A+C=0 (3

Subtracting equation (1) from equation (2) gives us —A + C' = 4, and adding that equation to equation (3) gives us

20=4 <= C =2 andhence A = —2and B = 2. Thus,

4z - -2 2x+ 2 _ -2 2 2
/w3+w2+w+ldm_f(m+l+m2+1)dm_[(:c—|—l+:v2+1+a’:2+1)dm

=—2In|z+ 1| +ln(m2 +1) +2tan"lz + C.

224+ z4+1 e | 1 1 1 L, -
Zﬁ.f 1)2d«"3 f z2 + 1)2 +f 22 +1)2 /w2+1dm+2fu2du [u_m —|—1,du_2mdm]

1 1 1
=t -1 - | —= =t 1 - c
an $+2( u)+ an~ " x 2($2+1)—|—
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7.4 partial fractions

21.

2l 2x 41 Ax+B Cz+D ) .
@ D@12 =i + 212 . Multiply both sides by (z® + 1) (z* + 2) to get

o’ +a’+2z+1=(Az+B)(z* +2) + (Cz+ D)(z>+1) =

2’ +a* +2zx+1 = (Az® + Ba® + 242+ 2B) + (C2° + D2’ + Cz + D) =

242’ 422 +1=(A+C)2° + (B+ D)z* + (2A + C)z + (2B + D). Comparing coefficients gives us the following
system of equations:

A+C=1 1) B+D=1 (2
24+C=2 (3) 2B+ D=1 (4

Subtracting equation (1) from equation (3) gives us A = 1, so €' = 0. Subtracting equation (2) from equation (4) gives us

m3+m2+2m+1 T 1 x 2
B—D,S{}D—I.Thus,f—f (a:?—i-l)(:cz—i-z}dm_/(:cz—I—l+m2+2)d$'For_/m2+ldm’lﬂu_m +1

so du = 2z dx and then :v ca!.f::—l l13.1111.-::l]n|1!.-:|+(?:l]nl['.ﬁcz+1j|—|—i.'f3'.Fcn: ;dm,use
u 2 z? 4+ 2

| T2 2
Formula 10 with & = /2 Sof;dm—f;dm—itanqi+c
x2 + 2 mz-i—(\/i._’)z V2 V2
Thus I:lln(mg—l—l)—l—ltan_li—ka
=3 VoA
28.
22— 22— 1 A B Cxz4+ D

G-1@+) z-1 @-1F @+l

x? -2z —1= Az — 1}(&-"2 +1) —|—B(:c2 +1)+ (Cz+ D)(z — 1)?. Setting # = 1 gives B = —1. Equating the
coefficients of z* gives A = —C'. Equating the constant terms gives —1 = —A — 14 D, so D = A,

and setting x = 2 gives —1 =54 — 5 —2A+ A or A = 1. We have

z? —2x —1 1 1 z—1 1 1 2 1
dx = - - dr =1 -1+ ——-=1 1) +tan™ C.
f($_1)2(w2+1} f[a:—l (x—1)2 w2+1] z=Inz |+m_1 2n(m +1)+tan™ z+

z+4 z+1 3 1 [ (2z+2)dz 3dz
20 [ —FF% gp— [ EFL gy [ 2 gp—=
fm2+2m+5 o fa:2+2m—|—5 +fm2+2m+5 o 2fm2+23:+5+ CES R
2du where z 4+ 1 = 2u,
4(u2+1) and dz = 2 du

:%ln|$2+2x+5|+3[

- %ln(“’2+23’+5)+%tan_lwrc':%ln(mz+2m+5)+§tan—1(“’;1) +C
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7.4 partial fractions

30.

3’ +x+4 3P faxi4a _Az+B  Ca+D

" - 2 2
P e Rl G T e B e Multiply both sides by (z* + 1)(x* + 2) to get

3z’ +z+4=(Az+ B)(z* +2)+(Cz+ D)(z* +1) =

32> 2 +4=(Az° + Bz + 24z + 2B) + (C2° + D2> + Cz + D) <

3z +x+4=(A+C)z° + (B + D)z* + (24 + C)z + (2B + D). Comparing coefficients gives us the following system
of equations:

A+C=0 (1) B+D=3 (2
2A+C=1 (3 2B+D=4 (4)

Subtracting equation (1) from equation (3) gives us A = 1, so €' = —1. Subtracting equation (2) from equation (4) gives us

B =1,s0 D = 2. Thus,
2
:f:':’a: +m+4dm f:c+1 +f :13—1—2
rt 4+ 32242 11:24—2
1 2z 1 1 2z 1
—Efxz—ﬂd“fme—“d‘”‘afmd“zfmd“’

:%ln|m2—i—1|+tan m——1n|m —|—2|—|—2 1\J%Etan (%)+C

= % In(z? +1) — %ln(m2 +2)+tan"'z ++/2 tan~? {'m/ﬁ} +

.
1 1 A Bx+C

F-1 @-D@tzt]) z-1 2Ztz+l

1=A(z* +z+1) 4+ (Bz +C)(z — 1).

Take z = 1 to get A = 1. Equating coefficients of z* and then comparing the constant terms, we get 0 = i+B1=1-0C.

—_ 1l o=-_2
soB=—3.C=—-5 =

[==

1
= 1 x+2
= 3 dm:ll —-1|—-= | ———d
o= ./ [ 2-|- +1 slnfz -1 3) 2rzr1
:%lnlm—ll—lf ZX12 4 f (8/2) de
3/ #rar1 ™ (x+1/2)° +3/4

=llmjz—1 -1l (m2+m+1]—%(%)t3n 1(\/_},%2)4—}{

:%ln|:{:—1|— %ln(a‘:a—l-a‘:—l- 1)—%tan_1(%(2m—|— 1}) + K
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7.4 partial fractions

1 1 (2 4 1 dx
32 %m: m——I—)d _92 -
o x2+4x+13 o x2+4z+13 o (x+2)24+9

_1 18@_ 1 3du where y = a® + 4z + 13, dy = (2= + 4) d=,
-2 i3 Y 2,*391&24-9 x4+ 2 =3u and dx = 3 du

=3 [y]ys — 3 fran~u]y = 303 — 3(F —tan™"(3))

Ftan™"(3)

15 T
In 5 5

bal—=

_|_

33.Letu=$4+4m2-|—3?sothatdu=(4w3+8x}d$=4(m3+2m]da‘:_.:c=0 = y=3andz=1 = u=8§.
2% 2z N ARYa! 1 s 1 1.8
Thenf $4+4$2+3d3: f3 a(Em.-,)_4[1:1|u|}3 4(1118 ln3}—41n3.

$5+$—1_ 2+—$2+$—1_ 9 —r+xr—1 _
3+ 1 =7 3+ 1 = +(a:—|—1)(m2—m—|—1]_m z+1°

i | 1 3
f = dx = f( a:—i—l)dm_gm Injz+1]4+C

1 A Bxz+C Dx+ E
3B — =
xz(x? 4 4)? T - x4 * (x? + 4)?

34

1= A(z* +4)* + (Bzx + C)z(z* +4) + (Dx + E)z. Settingz = 0

gives 1 = 164, so A = 7. Now compare coefficients.
1= (z* + 82’ + 16) + (B’ 4+ Cx)(2® + 4) + Dz* + Ex
1= &a*+ 32° + 1+ Bz' + C2® + 4Bz® + 4Cx + Dz* + Ex
1=(s% +B)z'+C2’ + (3 +4B+ D)2” + 4C+E)z +1

SoB++=0 = B=-%+.C=0,1+4B+D=0 = D=-%anddC+E=0 = E=0.Thus

dz % , —1s% —iz 1 1 1\ 1
& ___ [(i dz = 1 1 al—2(== c
fm(m2+4]2 [(m MRl T A T nfa® +4 2 )24

1 1 1
= =1 —In(z? +4)+ ——— + C
n|z| — = n(z* + }+8(m2—|—4} +

36. Letu = z° + 5z° + 5z, so that du = (5z* 4 152° 4 5)dx = 5(z* + 32 4 1)dz. Then

zt+ 322 +1 1/1 1 1 s 2
fm5—|—5m3+5m fu(ﬁ u) = n |u| + = n|z® + 5z° + 5z| +

Page 9




7.4 partial fractions

31.

2
*—3x+7 Axz+ B Cx+ D
Lo P _mie @ — ¢ FT=UrtB)E"—4e+6)+CrtD =

x? -3z +7=Az° + (—4A+ B)z’> + (6A—4B+C)z+ (6B+ D). SoA=0,-4A+B=1 = B=1,
6A—4B+C=-3 = C=16B+D=7 = D =1.Thus,

zt —3z+7 1 z+1
I_/(m2—4m+6)2dm_f(m2—4m+6+ (mz—éla:—l—ﬁ)z)dm

:/( “‘“f(mz 4:1:—|—6 +fT+ﬁ)z

=L +L+1s
= / (m—2)21—|— (v2)” = v%tan_l(m_;) e
nsf [':a:_Z)"*:-(ﬁ)QT =3 | g Vi 0n |02
3‘“Ffse“ ¥, Bffcofﬁdﬁz%@f%(l—l—GOSZG}dﬂ

) O

sectd
3f(9+—5n26‘)+03—3%§tan_1(ﬁ)+i(—-25inﬁm59)+t?3
:3«/5tan_1 z—2 +3«/§_ z—2 V2 ‘O
8 V2 8 x!—-4x+6 +/z?—-4x+6

:ﬂtan_l(m_2)+4( 3(z—2) +Cs

8 V2 — 4z +6)
So I=Lh+0hL+13 [C'=C1 + Cy + C5]
1 i fz=2 -1 3IV2Z.  _fx-2 3z —2)
=z (ﬂ)+2(m2—4m+6)+ g on (\/ﬁ )+4(m2—4:-:+6)+c
_[(4V2  3V2 _ifx—2 3z —2)—2 V2, i fz—2 3z — 8
_( 8 ' s )tan (ﬁ)+4(m2—4m+6)+c_ s 2\ F )t i —are €
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7.4 partial fractions

2 +22° +3z—-2  Az+ B ,_Cz+D
(z? +2x42)? T a2 422+ 2 (z? + 22+ 2)2

2 +22° +3x —2=(Az+ B)(z* +2z+2)+Cz+D =
2 + 22 +3r —2=A2" + (24 + B)z* + (24+ 2B+ C)z + 2B + D.
SoA=124+B=2 = B=02A+2B+C=3 = C=1and2B+D=-2 = D=-2 Thus,

fm + 222 +3$_2dm f T " r—2 d
= T
(z? + 2z + 2)? 2?2 +2x+2  (x?+42z+2)?
z+1 -1 x+1 -3

= | ——— dx —_ _dx —  d —_—dr

fm2+2m+2 +fm2—i—2m—|—2 +[(m2+2m+2}2 m—i_/.(m?—i—Za:—l—Z)z
=L +1s+ I+ 1.

B r+1 1/1 u=z>+2x+2, 1 2
L= f$2+2$+2dm fu<2du) LRZQ(HI}dr] _21n|$ +2z+2|+C1

o 1 __1 z+1 "
I = f(m+1)2+1dm_ 1taaun ( T )—l—O’g tan” (z+ 1)+ Ca

B z41 _f1f1 \_ L o 1
Is_f(m2+2m+2)2d”_fu2(2d“)_ e T 2(m2+2x+2}+03

1 1 2 +1=1tan#
Iy =-3 _  dr=-3 - 8 de B
! f [($ + 1}2 + ]-]2 f (tan29+ 1}2 see [dm = seczﬂd9i|

=—3f ! d6=—3fcos?9da=—gf(1+coszﬁ}da

sec? @
Jxt+2x+2
=—3(0+ 3sin20) +Cy=—36 — 3(3 - 2sin6 cosb) + Cy
=—Etan_1(m+1 _3. z 1 : ! +Cly 4
2 1 2 V24242 Jx?i2x42 1
O 3(z + 1)
=2t N-—2**rJ) ¢
5 tan (z+1) 2(m2+2m+2)+ 1
So I=Lh+DL+13+14 [C'=C1+Ca+Cs+ C4]
_1 9 1 1 3 1 3(:6+1)
_21n(a‘: + 2z + 2) —tan (:c+1]—2(m2+2m+2)—2tan ($+1)_2(m2—|—2m—|—2)+c
5 Jr+4
In(z® + 2z + 2) — = tan™" 1) - ————+C
n(z® + 2z + 2) 5 tan (z+1) 2($2+2$+2)+

x+1
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7.4 partial fractions

39. Letu = /z+ 1, sou® = z+ 1and 2udu = dz. Then
f\!m—i—ldm:f 21.-:
T u

2u° 2
_1(E‘udu)=/u2_1du=f(2+u2_l)du.
2 2 __A B
w2 —1 (u+1D)(u—1) uw+1 u-—1

= 2=A(u—1)+ B(u+1). Setting u = 1 gives B = 1.

Setting u = —1 gives A = —1. Thus,

[ (et

u+1 wu-—1

=2/z+1-In(yVz+1+1)+In|yz+1-1|+C.

1)du:/(2— ! ! )du:Zu—ln|u—|—1|+ln|u—1|—|—G

40. Letu = /= + 3, sou? = z + 3 and 2udu = dz. Then

f dx _f 2udu _/' 2u d—[z—udN
2vz+3+z J 2u+(wr-3) ) w?+2u-—3 “= (u+ 3)(u—1) e oW

2u A B
(uw+3)(u—1) _u—|—3+u—1

= 2u= A(u—1)+ B(u+3). Settingu = 1 gives2 =4B,s0 B = 3

Setting u = —3 gives —6 = —4A, so A = . Thus,

fﬁd _f(%+uild“)

=3mlnfu+3+ihnju—1+C=34m(vz+3+3)+3In|vVz+3-1/+C

a.
dx 2udu 2du 2du
_ 2 _ _ _ — _
Letu = v/z,so u” = z and 2udu = dz. Then/mﬁ+m\/5_fu4—|—u3 __/u3+u2 _fuzl:u—l—l]'
2 A B c 2 . . .
m u+u2+u+1 = 2=Au(u+1)+B(u+ 1)+ Cu’. Setting u = 0 gives B = 2. Sefting u = —1

gives C' = 2. Equating coefficients of u?, we get 0 = A + C, so A = —2. Thus,

2 du -2 2 2 2 2
fm—f<?+?+u+1)du_—21n|u|—a+2ln|u+1|+0——2lnﬁ—ﬁ+2M(ﬁ+l)+G.

42 letu = ¥z. Thenz = v, der = 3uldu =

1 1 2 1
1 Ju” du 3
—_dr = —_— Ju—23 du=[3u>—3 3In(1 =3(In2 — 1).
ﬂw% f T+u f(""’ +1+u) u= 30’ = 3u+ 3n(l +u], = 3(n2 - )

43 Letu= ¥z? + 1. Thenz? =o% — 1, 2zdz = 3uldu =

=Zu° -3 0= 10(m2+1)5“—§(m2+1)”3+c
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7.4 partial fractions

4. Letu = /z. Thenz = u°, do = 2udu =

3 \/_ V3 u-2udu NG - V3
2 Tz 2 2 = 2[tan™" ]1,'f 2(
1/3 & —|—:v 1/vF U+ u 13 ut+1

5-85=5%

45.

If we were to substitute u = v/z, then the square root would disappear but a cube root would remain. On the other hand, the
substitution u = ¥z would eliminate the cube root but leave a square root. We can eliminate both roots by means of the
substitution u = +v/z. (Note that € is the least common multiple of 2 and 3.)

Letu = v'z. Then z = u%, so dz = 6u® du and vz = u®, V= = u?. Thus,

[ 7= e = [ wamyae=e [ iy

= ﬁf (uz +u+1+ ﬁ) du [by long division]

=6(3w +4u’ +utinfu—1)+C=2V2+3Vz+6 Vo +6m|Va—-1|+C

46.
Letu =1+ Va,sothatu? =1+ Vz,z = (u? —1)%, and dz = 2(u® — 1) - 2udu = 4u(u® — 1) du. Then

V1+ vz u 2 4 4
dem_fW.4u(u —l)du—fuz_ldu—f(él—i-uz_l)du.Now

4 A n B
w2 —1 u+1 u—1

4= -24 s0 A= —2. Thus,

f(ort

= 4=A(u—1)+ B(u+1). Settingu = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives

u—+1 1

—4 1+~/E—21n('\/1+\/§+1)+21n(1./1+\/5—1)+0

1)du=f(4— 2 +i)du=4u—2ln|u+1|+21n|u—1|+6‘

47. Letu — €. Thenx = Inu, dx = d_u =
U

f e** dx _[ uz(du,/u} _/ wdu f
ez £ 3e= + 2 [ 424+ 3u+2 (u—i— Nu +2) u+1

g2’
e+ 1

2]

=2Inju+2—-Inju+1|+C +C
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7.4 partial fractions

48. Let u = cosz, so that du = —sin x dz. T‘hcndem:f ! (—du]:[_—ldu.
cos?x — Jcosx u? — 3u u(u — 3)

! —A+ B_ —1 = A(u — 3) + Bu. Setting u = 3 gives B = —. Setting u = 0 gives A = <

u(u—3) u u-—3 N : ngu=Jd -3 ngu =ugt =3

1

1
Thus’fu(_—li?)du:[(i_ui3) du:%hl|u|—%ln|u—3|—|—0=%1n|cos;v|—%ln|cosm—3|+0.

49.

2
Let u = tant, so that du = sec? t dt. Thenf = sec’ t dt:f;duzf;du.
tan®*t + 3tant + 2 ur+3u+2 (u+1)(u+2)

1 A B
Now (u+1(u+2) u+l +u—|—2

Setting u = —2 gives 1 = —B, so B = —1. Settingu = —1 gives 1 = A.

= 1=A(u+2)+Bu+1).

1 1 1
Thus,fmdu:f(u_'_I _u+2) du=In|u+1|—In|lu+2|+C =In|tant 4+ 1| —In|tant + 2|+ C.

50.
Letu — €7, so that du — e dx. Thenf (
e-"‘:—

&=

€ = ; T oW
“2)(e2= 1+ 1) dm_f(u—2}(u2+1)d N

1 A Bu+4C

- +u2—|—1

TRy 1= A(u®+1)+ (Bu+ C)(u—2). Settingu = 2 gives 1 = 54,50 A = £.

Setting u = 0 gives 1 = 1 — 2C, so C = —2. Comparing coeflicients of u”® gives 0 = £ + B, so B = —1. Thus,

! d 5+ Yt [t 2 [
—  du= = < u— 1t ——du—2 | —— du
(u—2)(u?+1) u—2 w41 50 5—2 Y R T | 81 w241

=ihnju—2/—% g’ +1| - 2tan~"u+C

= %ln|e”—2|—ﬁln(ezz+1}—§tan_lem—I—C"
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